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1 Introdu
tionThe Fermi-Pasta-Ulam (FPU) experiment is a 
lassi
al problem in nonlinear physi
s.The unexpe
ted results obtained by the three s
ientists triggered a whole new inter-est in 
lassi
al physi
s, whi
h eventually led to the development of dynami
al 
haostheories and the integrability of some nonlinear equations.As it will be dis
ussed, the FPU problem is also relevant from the point of view ofstatisti
al me
hani
s. Fermi himself was interested in proving the ergodi
 hypothesiswhi
h lies at the basis of 
lassi
al statisti
al me
hani
s.Moreover, the development of nonlinear physi
s stimulated the use of 
omputersto study the behavior of many-body systems and/or 
omplex systems in general.FPU were among the �rst to perform experiments on a 
omputer: this idea is now
ommonly a

epted and s
ientists and mathemati
ians do use the tools of 
omputers
ien
e to investigate problems otherwise unsolvable analyti
ally.The interest here is in the 32-parti
le 
hain with both �xed and free ends. Asmall 
omputer 
ode has been written to simulate this system and reprodu
e theoriginal results obtained by FPU in their seminal paper appeared in 1955 [3℄. Therole of time integration has been studied. Two algorithms have been implemented:1



2 THE FPU SYSTEM 2a standard velo
ity Verlet s
heme and a fourth order symple
ti
 s
heme (Forest-Ruth). The in�uen
e of the parameter that governs the strength of the nonlinearityhas also been addressed, espe
ially with respe
t to some analyti
al results [2℄ forits 
riti
al value. The fundamental importan
e of the initial 
onditions imposed onthe system with respe
t to its 
haoti
 behavior are also stressed, along with theidenti�
ation of a sto
hasti
ity threshold [6℄, that su

essfully explained the FPUparadox.2 The FPU systemThe FPU system simply 
onsisted of a linear 
hain of parti
les whi
h intera
tedwith their nearest neighbor only by elasti
 springs. The ends are kept �xed. Theinteratomi
 for
es had a linear 
omponent determined by the 
onstant χ. Thepotential energy was therefore given by
V (x) =

1

2

N
∑

i=1

∑

j∈nn(i)

χ(xi − xj)
2, (1)where x ≡ {x1, x2, ...xN}, being N = 32 for all simulations performed here. xi isthe displa
ement of the i − th parti
le from its original position; nn(i) is the set
ontaining the nearest neighbors of parti
le i.The idea of FPU was to modify the potential energy for the system to in
lude a
ubi
 or a fourth order term:

V (x) =
1

2

N
∑

i=1

∑

j∈nn(i)

χ(xi − xj)
2 +

1

2

N
∑

i=1

∑

j∈nn(i)

α

3
(xi − xj)

3, (2)
V (x) =

1

2

N
∑

i=1

∑

j∈nn(i)

χ(xi − xj)
2 +

1

2

N
∑

i=1

∑

j∈nn(i)

β

4
(xi − xj)

4. (3)



2 THE FPU SYSTEM 3The resulting equations of motion for the two models (respe
tively the α- and β-model) are:
ẍi = (xi+1 − 2xi + xi−1) + α[(xi+1 − xi)

2 − (xi − xi−1)
2], (4)

ẍi = (xi+1 − 2xi + xi−1) + β[(xi+1 − xi)
3 − (xi − xi−1)

3], (5)where the double dotted quantities are double derivatives with respe
t to time, and
m and χ are taken unity. Equations (4) or (5) are then integrated and the evolutionof the system is tra
ked. This was indeed one of the �rst MD simulations performedever.When the potential energy is given by eq. (1), the system is simply a 
olle
tionof independent harmoni
 os
illators. The exa
t solution for the equations of motion
an be then expressed as a superposition of normal (or fundamental) modes Qk(t):

Qk(t) =

√

2

N

N
∑

i=1

xi(t)sin
(πki

N

)

, (6)whi
h 
an be viewed as a Fourier (sine) transform of the displa
ements xi(t). Giventhe initial 
onditions xi(0) and ẋi(0), the energy stored in a mode k is expressed as:
Ek =

1

2
(Q̇2

k + ω2
kQ

2
k), (7)whereas the equations of motion (in this normal mode representation) are given by

Q̈k + ω2
kQk = 0. (8)Equations (7) and (8) show that the model is integrable and energy sharingbetween normal modes is not allowed. The motion of the system is periodi
 in time



3 RESULTS 4with the dis
rete spe
trum (eigenfrequen
ies) given by[2℄
ωk = 2sin

( πk

2N

)

, (9)with k ∈ {1, 2, ...N}.By adding a weak nonlinearity, FPU expe
ted that the system would exhibitan ergodi
 behavior. In parti
ular, their belief was that energy initially stored ina parti
ular (linear) mode Qk, would be eventually transferred to all other modes,hen
e revealing a transition to thermal equilibrium.When a nonlinear intera
tion is present, equation (8) is modi�ed in the followingway (for the α-model the result is similar [2℄)
Q̈k + ω2

kQk = β
N

∑

i,j,k=1

DijkQiQjQk, (10)where Dijk [4℄ are 
ompli
ated 
oe�
ients that show the 
oupling between the i-,
j-, and k-th modes.3 ResultsEquation (4) or (5) were integrated in 1955 on the 
omputer MANIAC available atLLNL. Here, a small 
ode has been developed to integrate eq. (5), whi
h will bethe only one 
onsidered. The system is 
omposed of 32 parti
les. The ends of the
hain are kept either �xed or free. Only sinusoidal normal modes are allowed forthe linear system1, i.e., either superposition of pure sines or 
osines (respe
tively for�xed and free ends). Along with mu
h of the literature on this problem, k and m1Here and in the following dis
ussion, the adje
tive linear is referred to the nature of the springsand not the spa
e dimensionality of the system, that being 1D.



3 RESULTS 5are set unity. The parti
les are initially given a displa
ement a

ording to the �rstfundamental mode2
xi(0) = A

√

2

N + 1
sin

( πki

N + 1

) (11)for �xed ends, and
xi(0) = A

√

2

N + 1
cos

( πki

N + 1

) (12)for free ends, where A is set equal to 10.0 units of length. The time step ∆t is setto 0.05 units of time.The eigenmodes and their 
orresponding eigenfrequen
ies are evaluated by solv-ing the 
lassi
al eigenproblem numeri
ally [1℄:
−m

ω

ω0

2

ai = Kijaj, (13)where ω0 =
√

2k/m, K is the dynami
al matrix for the linear system, and a are theeigenve
tors (i = 1, 2, ...N − 1, N). Figure (1) shows the ex
ited ground eigenmodefor the free- and �xed-end 
hain, while in �gure (2) the eigenfrequen
ies as a fun
tionof the mode index 
an be seen, for the 
ase of �xed-end 
hain.A �rst simulation has been performed setting β = 0.3, using a simple integrations
heme, known as velo
ity Verlet. The equations of motion were integrated for morethan 500 periods3 of the ground mode. As it 
an be seen in �gures (3) and (4),the total energy of the system Etot, initially stored entirely in the ground mode(Ek, with k = 1), rapidly �ows into modes k = 3 and k = 5. This would not besurprising, and it was something FPU expe
ted, as it was supposed that energywould get partitioned among all the modes allowed for the system. Two things are,2Eq. (11) and (12) are 
ontinuum solutions, i.e., when N is very large. That is why thefundamental modes are 
al
ulated numeri
ally. See what follows.3The period of any (linear) mode is Tk = 2π/wk, with ωk = 2sin
(

πk

2N

). In all the �gures, timeis s
aled with T =
2π

ω0

where ω0 =

√

2k/m.
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Figure 1: Ex
ited ground mode for the free- and �xed-end 
hain.
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Figure 2: Eigenfrequen
ies as a fun
tion of the mode number.however, suspi
ious:
• the energy starts �owing into only the odd modes, leaving the even modesempty (within the a

ura
y imposed by the integration s
heme);
• the energy returns almost entirely into the ground mode within a thousandperiods. Moreover, this trend is re
urrent, revealing a quasi-periodi
 behaviorfor the system.



3 RESULTS 7This simple simulation did trigger a great interest in this problem. However, the very�rst attempts to explain it where aimed at trivializing the results of the simulations.In parti
ular, the a

ura
y of the numeri
s was questioned. It was in fa
t observedthat only a fra
tion of the energy (even though a large fra
tion, as it 
an be seenin �gures (3) and (4)) would return in the �rst mode. It 
an also be noted that the
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Figure 3: Energy per mode of a �xed-end 
hain of 32 atoms for β = 0.3. t/T
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Figure 4: Energy per mode of a free-end 
hain of 32 atoms for β = 0.3.results for the free-end and �xed-end 
hains are qualitatively the same.Tu
k in 1961 [5℄ performed more a

urate 
omputations, revealing the existen
eof a super period of about 80000 linear 
y
les, T1. More than 99% of the energywould go ba
k into the �rst mode after this super period.A similar investigation has been performed here. In parti
ular, a higher orders
heme was implemented and 
ompared with the traditional velo
ity Verlet. TheForest-Ruth algorithm is a 4th order integration s
heme, whi
h is symple
ti
 (i.e., itpreserves energy), but highly intensive from a 
omputational viewpoint. To integratethe equations of motion (5) over a time step ∆t, four for
e 
al
ulations are required.As well known, the heaviest part of any MD 
ode is the for
e 
al
ulation for ea
hparti
le.Results obtained and shown in �gure (5) reveal that the dis
repan
y between the



3 RESULTS 8two algorithm is negligible and hardly dete
table. Both reveal the same periodi
ityin the energy re
urren
e. This demonstrates that something more profound was to
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Figure 5: Comparison between velo
ity Verlet and Forest-Ruth integration s
hemesfor a �xed-end 
hain of 32 atoms with β = 0.3.be found in the behavior of the FPU system.In parti
ular, it was observed that upon in
reasing the strength of the nonlin-earity, the sharing of energy between the modes be
omes more and more important,as shown in �gures (6) and (7) for β = 1. The results obtained are, however, qual-itatively similar to those obtained previously, when β = 0.3. When setting β = 3,something dramati
 happens. The energy suddenly �lls all modes, being distributedamong them. Two observations 
an be made, by looking at �gures (8) and (9):
• even modes are now populated;
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Figure 6: Energy per mode of a �xed-end 
hain of 32 atoms for β = 1.0. t/T

E
k/

E
to

t

0 1000 2000 3000 4000 5000
0

0.5

1

k = 1, β = 0
k = 1, β = 1
k = 3, β = 1

Figure 7: Energy per mode of a free-end 
hain of 32 atoms for β = 1.0.
• no (quasi-) periodi
ity 
an be observed: the behavior seems to be 
haoti
.It also seems that the �ow of energy from the initially ex
ited mode to the othermodes is faster in the �xed-end 
hain than in the free-end one. However, the tworesults are qualitatively similar.
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Figure 8: Energy per mode of a �xed-end 
hain of 32 atoms for β = 3.0. t/T
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Figure 9: Energy per mode of a free-end 
hain of 32 atoms for β = 3.0.Finally, as shown in �gure (10), when β = 3 energy �lls all modes, being almostevenly distributed among them (something that Fermi was expe
ting to see even forthe lowest values of β). Analogous results are found for the free-end 
hain.
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Figure 10: Energy spe
trum for the �xed-end 
hain.3.1 Dynami
al 
haos and the sto
hasti
ity borderDeterministi
 dynami
al systems, like the FPU one, are reversible in prin
iple. Re-verting time leads the system to the initial 
onditions. This is true analyti
ally,when no su
h 
onsiderations like the time integration a

ura
y and the round-o�errors are taken into a

ount (i.e., when the dynami
s is tra
ed on a 
omputer4).However, some systems may exhibit an exponential sensitivity to the initial 
ondi-tions. The separation ∆(t) between two neighboring phase spa
e traje
tories has anexponential growth ∆(t) ∼ ∆(0) exp(ht) [2℄, where h is 
alled dynami
al entropy.For su
h systems, any small perturbation (for example due to the round-o� error,4As previously said, the FPU problem is relevant as it was a numeri
al experiment performedon one of the �rst 
omputers ever built (the MANIAC, at LLNL in the early �fties), beside thetheoreti
al aspe
ts.



3 RESULTS 11or a weak nonlinear intera
tion between the parti
les, like the FPU system) 
an notbe negle
ted.The analysis of the stability of motion for many-body problems led Chirikov [6℄in 1959 to the identi�
ation of a so-
alled sto
hasti
ity border and a 
riterion todetermine under whi
h 
onditions dynami
al 
haos o

urs in nonlinear systems.The appli
ation of Chirikov's 
riterion to the FPU model allows the identi�
ationof a 
riti
al value for the strength of the nonlinear intera
tion βcr [2℄
3βcr

E

N
∼ 3

√
∆k

k
, (14)where E/N is the energy per normal mode and ∆k is the number of initially ex
itedmodes around the 
entral k-th mode.This 
riterion su

essfully explained the FPU paradox. It turned out that whenonly the lowest mode is ex
ited (k = 1, like in the original FPU simulation), only astrong perturbation 
an prevent the re
urrent behavior observed by FPU, as shownby the 
omputations performed here as well (see �gures (3) or (4)). That meansthat the FPU model was below a sto
hasti
ity threshold, above whi
h it would haveshown the 
haoti
 behavior that FPU had expe
ted to see.As shown by relation (14), if higher modes (k) are initially ex
ited, one needsa weaker and weaker nonlinear perturbation for the system to reveal a 
haoti
 be-havior. Dynami
al 
haos is revealed and, therefore, the system 
an be 
hara
terizedwith statisti
al tools (from the statisti
al me
hani
s point of view, one 
ould saythat the system is ergodi
).Two simulations have been performed, now ex
iting the 3rd mode (see �gure(11)), instead of the ground one (k = 1). As opposed to the results shown in�gures (3) or (4), for β = 0.3 the FPU system now already la
ks the re
urrent



3 RESULTS 12behavior exhibited when the ground mode was initially ex
ited. Hen
e, a mu
h
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Figure 11: Mode k = 3 for the free- and �xed-end 
hain.
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Figure 12: Energy per mode of a�xed-end 
hain of 32 atoms for β =
0.3, when the 3rd linear mode is ini-tially ex
ited.
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Figure 13: Energy per mode of a free-end 
hain of 32 atoms for β = 0.3,when the 3rd linear mode is initiallyex
ited.smaller nonlinear perturbation was ne
essary to trigger a 
haoti
 behavior: this iswell predi
ted by relation (14). Moreover, the behavior of the 
hain is qualitativelythe same, both with free and �xed ends.Upon de
reasing β to 0.1, one 
an still see an aperiodi
 behavior, even thoughit seems more regular than β = 0.3 during the �rst 10000 periods, with a strongreturn of the energy in the initial mode (�gures (14) and (15)).
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Figure 14: Energy per mode of a�xed-end 
hain of 32 atoms for β =
0.1, when the 3rd linear mode is ini-tially ex
ited.
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Figure 15: Energy per mode of a free-end 
hain of 32 atoms for β = 0.1,when the 3rd linear mode is initiallyex
ited.Interestingly, when β is further de
reased to 0.01, energy gets transferred fromthe initial mode (k = 3) at a faster rate, the periodi
ity of the re
urren
e in theenergy ba
k to the initial mode being shorter. However, the fra
tion of energytransferred to the other modes (not shown in �gures (16) and (17)) is way smallerthan the previous 
ases (≃ 0.1%).This shows that the identi�
ation of the sto
hasti
ity threshold is hard to de-termine: as made 
lear in [2℄, �the border of sto
hasti
ity between quasi-periodi
and sto
hasti
 motion is not sharp. Rather, it is relatively wide and has a very
ompli
ated stru
ture.�3.1.1 Linearly 
ompressed 
hainA parti
ularly interesting 
ase is when the free-end 
hain is linearly 
ompressed. Itis known that when the system is linear, any 
on�guration 
an be expressed as alinear superposition of the fundamental modes.The initial displa
ements are shown in �gure (18). The overall 
ompression of the
hain is around 1.7%. The energy spe
trum asso
iated with this initial 
on�guration
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Figure 16: Energy per mode of a�xed-end 
hain of 32 atoms for β =
0.01, when the 3rd linear mode is ini-tially ex
ited.
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Figure 17: Energy per mode of a free-end 
hain of 32 atoms for β = 0.01,when the 3rd linear mode is initiallyex
ited.is shown in �gure (19): from there, it 
an be seen that most of the energy (≃ 80%)is stored in the �rst mode, with a non-negligible 
ontribution from modes 3, 5, 7.Figure (19) also shows the energy spe
trum when only modes 1, 3, 5 are ex
ited (insu
h a way that the energy spe
trum is similar to that of the linearly 
ompressed
hain).

i

x i
/A

0 2 4 6 8 10 12 14 16 18 20 22 24 26 28 30 32

-1

-0.5

0

0.5

1 linearly compressed chain

Figure 18: Initial 
on�guration for thelinearly 
ompressed free-end 
hain of32 atoms. k
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Figure 19: Energy spe
trum of thelinearly 
ompressed free-end 
hain of32 atoms.Figure (20) shows the energy sharing between the modes: it 
an be seen that,despite the fa
e that higher modes are initially ex
ited, the initial modes are pre-



4 SUMMARY AND CONCLUSIONS 15served, and the system retains a re
urrent behavior. That is be
ause most of theenergy is initially stored in the ground mode, being the ex
itation of higher modesinsu�
ient to trigger a 
haoti
 behavior for the system. Moreover, the behaviorof the system is 
omparable to the same system when only modes 1, 3 and 5 areex
ited, with the same value for β (see �gures (20) and (21)).
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Figure 20: Energy per mode of a free-end linearly 
ompressed 
hain of 32atoms for β = 0.3. t/T
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Figure 21: Energy per mode of a free-end 
hain of 32 atoms for β = 0.3,when only modes k = 1, 3, 5 are ini-tially ex
ited.
4 Summary and 
on
lusionsDespite its (apparent) simpli
ity, the FPU model has posed many questions, manyof whi
h are still open today, after more than 50 years.The simple 
omputations developed here have shown that the 32-parti
le 
hain,both with free and �xed ends, in the presen
e of a weak nonlinear intera
tion showsa re
urrent behavior, unexpe
ted when looking at equation (10). In fa
t, FPU wereexpe
ting a �ow of energy from the initially ex
ited mode, to all the modes allowedfor the system. Fermi wanted to use this result to further study the problem of ther-mal equilibrium with respe
t to the ergodi
 problem, whi
h he tried, unsu

essfully,to prove rigorously.



4 SUMMARY AND CONCLUSIONS 16The simulations performed here show, instead, a re
urrent behavior of the energy�ow from the ground mode to the higher modes. Energy gets �rst transferred tohigher modes: given su�
ient time, though, it �ows almost entirely ba
k into theinitially ex
ited mode. This trend seems quasi-periodi
. Cal
ulations have alsoshown that the behavior of the 
hain is the same, independently of the boundary
onditions, even though quantitative dis
repan
ies 
an be observed. In parti
ular, itseems that when higher modes are ex
ited, stronger di�eren
es 
an be seen betweenthe free- and �xed-end 
ase.The FPU paradox was su

essfully explained by using 
on
epts whi
h were beingdeveloped in the 
ontext of dynami
al 
haos. Chirikov's 
riterion to determine a so-
alled sto
hasti
ity threshold was su

essfully applied to the FPU model. It also shedlight on the strong in�uen
e of the initial 
onditions on the 
haoti
 (or re
urrent)behavior of the FPU system.The appli
ation of Chirikov theory leads to the identi�
ation of a 
riti
al pa-rameter (βcr), whi
h is tightly related to the initially ex
ited mode (14): when
β < βcr the model has a quasi-periodi
 behavior. As 
al
ulations performed herehave shown, when the initially ex
ited mode is higher than the ground one, one�nds a smaller βcr. Hen
e, smaller values for β are ne
essary to trigger a 
haoti
behavior, in agreement with equation (14).As previously said, this problem has still many unanswered questions. For ex-ample, it is still un
lear if it is possible to identify a weak 
haos border for systemsin the limit N −→ ∞ [2℄.This problem 
an also be extended to more 
omplex geometries to study vibra-tional modes: for example, nanotubes hit by laser pulses, breathers in 
rystals, andnanostru
tures in general. Even though the mathemati
s is extremely 
ompli
ated,and often no analyti
al solutions are available, the FPU has taught us that 
omputer
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