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Abstract

A description and model of the thermally induced residual stress that forms in a “plate-like” 1 n-
jected molded polymer part is outlined. It is shown how a Linear Heat Balance Integral (LHBI)
temperature profile approximation and the concept of a Virtual Adjunct Mold (VAM) can be
used to arrive at an approximate algebraic model that, on providing material properties and
processing conditions, gives an immediate evaluation of the residual stress through the plate
thickness. Results obtained with this model are in very close agreement with a full numerical
solution and agree closely with experimental measurements made on a range of starch based bi o-

degradable polymer samples.



Introduction

Injection molding is used in the fabrication and manufacturing of a wide range of plastics. In the
injection molding process molten polymer is injected into a mold followed by packing under
pressure, solidification and then cooling to a uniform temperature. Figure 1 schematically illu  s-

trates the solidification stage of a “plate-like” part.

Injection molding introduces residual stresses—a stress state that exists in the bulk of a material
without application of any external load—in the final product [1,2]. It is important to know the
residual stress state of the part to predict its performance under load. Depending on the situation,
residual stresses can be either detrimental or beneficial. Compressive residual stress on the su  r-
face can prevent the opening up of cracks thereby increasing the fatigue life. Conversely, when
the stresses due to external loads are added to the residual stress, plastic yielding will begin at a
lower load. An asymmetric mold wall temperature distribution will cause asymmetric residual
stresses, which result in the internal moments. If the part is not stiff enough, it will warp after its

ejection from the mold. [3].

The aim of this paper is the development of a simple approximate model for predicting the resi d-
ual stresses in injected molded parts fabricated from starch based biodegradable polymers. In a
general case the residual stress in an injected modled part could include a number of contrib u-
tions, including
1. flow induced residual stress, generated as a result of shear, normal and extensional flows
during processing [4,5],

2. packing stress, resulting from the high pressures imposed during pac king, and



3. thermal stress, formed during solidification and cooling [6,7,8].

As a general rule of thumb for most polymers of interest the thermal residual stresses dominate
the flow-induced stresses. Further, packing pressure and packing time may not have a significant
effect, e.g., in starch-based polymer it has been shown that the packing pressures account for ~
5% of the observed residual stress [6]. Hence the work in this paper will only consider thermal

induced residual residuals stresses that form in injection molded polymer parts.

In the first instance a description of the mechanisms that lead to a thermally induced residual
stress is provided and the governing equations of a standard model are outlined. In a complete
treatment the standard model requires the coupled solution of a solidification heat transfer and
stress equilibrium calculation, a set of calculations that can be relatively complex. In this work a
simple thermal treatment that approximated the evolving thermal field by a linear profile is pr  o-
posed. This simple treatment leads to an explicit expression for the residual stress distribution
through a plate like part; this approximate model is the key result of the paper. The paper co  n-
cludes with a demonstration of the proposed approximate model via the comparison with full

numerical treatments and experimental mea surements.

A Description of Residual Stress Formation in a Plate

Consider a thin plate part cooled form its edges, see Figure 2. As a fluid layer solidifies a so-
called “flow-strain” is initiated [7]. This strain occurs, under negligible stress, at the point of s 0-
lidification where the semi solid layer deforms to attach to the existing solid. The interaction
between the development of the strain, due to thermal shrinkage, and the initiation of the flow-

leads to a non-zero through thickness stress distribution when the sheet is cooled to a uniform



temperature. A simple, description based on Figure 2—which models the part as a set of | a-
mella—can throw more light on the key mechanisms. At the early stages of cooling a solid layer
forms next to the cooling surface and it is reasonable to assume that the strain in this solid layer,

a decreasing function of time, is uniform through the thickness. As a new fluid lamella solidifies
and joins the solid it needs to undergo a strain from its un-deformed initial state. This strain, r  e-
ferred to as the flow-strain occurs under negligible stress, takes a value of zero at the cooled su r-
face and is a monotonically increasing function of solid thickness alone. Since the flow strain

will be larger in the center of the part the additional effect of thermal shrinkage will lead to a
situation where, if taken in isolation, the deformation of a lamella from the center of the part will
be larger than that of a lamella taken from the edge of the part. Hence the net result, when the
lamella are integrated into the part and the condition of a uniform solid strain is imposed, is to
place lamella at the part center in tension and those at the part edge in compression, behavior that

matches the reported observations [7,8].

A Thermal-Elastic Residual Stress Model [7]

The thermal-elastic residual stress model presented here closely follows the work of Osswald
and Menges [7]. Since injection molded parts are generally thin, we simplify the analysis to a

thin plate of thickness 2b, which is cooled from both sides. If symmetry is assumed the coupled
mechanical and thermal analysis can be carried out using a one-dimensional model in the half

thickness 0<z<b, see Figure 1.

At some instant of the cooling process three regions in Figure 1 can be identified



1. A liquid region which is strain and stress free

2. A thin layer undergoing solidification at temperature 7. This layer undergoes volume co n-
traction and flow resulting in a “flow strain”, &, It is assumed that this strain occurs under
negligible stress and is fr ozen in to the solid layer and hence is a function of space alone.

3. A full solid region. As the full solid region cools, a thermal strain, en=p(T(z,t)-15),1s

formed, where fis the thermal expansion coefficient.
Under the assumption that the total strain, &), is, at a given instant in time, uniform across the
plate thickness the above observations lead to the following expression for the total strain as a

function of time

e(t)=¢,(z,0)+p(T(z,1)-T; )+&,(z) (1
where ¢, is the elastic strain.  In order to make forward progress from  Eq. (1) a method for
evaluation of the flow strain, &,(z) is required. From Hooke’s Law, assuming that Poisson’s ratio

and Young’s modulus are constants, the stress in the solid layer 0 <z < z_, is given by

E
o(zt)=——(a(t)= BI(z1)=T,)=2,(2)) @
Further, equilibrium requires that the integral

J:S o(z,t)dz=0 (3)

Combining (2) and (3) give

[let)=B(T(20)-T,)-,(2)Hz=0 (4)

Which on manipulation and integration of the total strain gives

&(t) = Zi [Bcr(z0)-1, )+ e, ) (5)



At the solidification front,  z =z, the thermal and elastic ~ strains are zero and by ~ Eq.(1),

g(t) = g,(z),which means that Eq. (5) can be written as
1z
av(z)=— | BTz 0=T, ) o,(2 )btz ©)

Assuming no relaxation this flow strain is frozen in place and will not change. Hence, if info r-
mation on the evolving transient thermal filed 7(z¢) and location of the solidification front, z(%),
are provided Eq. (6) can be integrated at given values of z; to determine the flow strain profile

&(z). This calculation needs to be continued up to when the mid plane, z = b, becomes solid, at
this point the flow strain profile will be fully determined.  From the calculated flow strain profile
&(z) the total strain and residual stress distribution, when the plate has cooled to room temper a-

ture 7', can be found from the expressions

b =7 BT, =T+ o2 i ™

and

o(2) = Loy ~ (T =T )= ()] ®)
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respectively.

A Numerical Solution
The transient temperature field 7{z¢#) and location of the solidification front z; needed in Eq. (6)
can be determined numerically. For semi-crystalline polymers a model can be based on an e n-

thalpy formulation [9,10].
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where the enthalpy H =c, +gl., L is the latent heat of the polymer. C, is the specific heat,

k the thermal conductivity, p the density and g is the liquid fraction taking a value of 0 in the

solid and 1 in the liquid. On introducing the dimensionless variables

* * kSt # T-T * *
Z :ia t = t27 T = r:g ’H:StT+g
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(10)
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where £ the convective heat transfer coefficient at the surface z = 0 the governing equation b e-

comes
* 2 *
L) (an
ot 0Oz
subject to the boundary conditions
aT* = —Bi(T" +1), and aT* =0 (12)
oz | _ oz |,_
z=0 z=b

The keys grouping in the above equation are the Stefan number, S, , the ratio of sensible to latent

heat, which controls the phase change, and the Biot number, B,, the ratio of convective heat r e-

moval to heat conduction, which controls the cooling.

Equations (11) and (12) can be readily solved using, for example, an explicit enthalpy scheme
[10]



At
H;’ew:HIJF—AZQ 7)) =21 + T4 (13)
where, / is a node counter on a space grid with uniform step Az, At is a time step, the superscript
new referrers to values at the new time level, and , for presentation convenience the * supe r-

script has been dropped. In a given time step the solution of Eq. (13) will provide an updated

nodal enthalpy field. The corresponding updated te mperature field follows on setting

H_I, H>1
St
T=<0, (14)
E, H<0
St

The time at which the solidification front reaches node 7, i.e., z,=/Az, is given when the nodal
enthalpy H; = 0.5. At this point the current nodal temperature distribution can be used in a nu-
merical integration of Eq. (6) to obtain a corresponding nodal distribution for &,(z;). These
nodal values can subsequently be used to calculate the residual stress profile through the part

thickness.

Transient residual stress profiles at different time, corresponding to the property data given in
Table 1, are shown in Figure 3; these profiles have a good agreement with the results presented

by Eduljee, et al [11].

Figure 4 shows three numerical predictions of the residual stress at room temperate. Between
each prediction the value of the Stefan number is changed by a factor of ~10 by increasing the
latent heat value. It is noted that this change does not have a significant impact on the predicted
level of stress; a 100 change in the value of the latent heat produces a maximum stress change of

~33%. Thus it can be concluded that residual stress predictions with the thermal-elastic model



outlined above are relatively insensitive to changes in the latent heat. This is very worthwhile
observation since the value of the latent heat in a semi-crystalline polymer is difficult to dete r-

mine [7].

Unlike the latent heat value in the Stefan number, the value of the = Biot number does effect the
residual stress field. With a large Biot number heat is rapidly removed from the surface resulting
in high residual stresses, as the Biot number decreases the rate of heat removal slows and the r e-
sidual stress is reduced [6]. Figure 5 shows the stress fields resulting from different choices of
Biot number; the difference in stress levels is very clear. Figure 6 shows, for two different ~ Biot
numbers, the temperature profiles through the part thickness for various locations of the solidif i-

cation front. Note the relative straight nature of the profile in the solid region.

The LHBI-VAM Approximate Solution
Observations of results obtained with the full numerical solution indicate that
1. The value of the residual stress does not depend on the rate at which the phase-change

front z (t) moves but rather on the shape of the temperature profile in the solid at each
z, position.

2. The shape of the temperature profile in the solid approaches a linear form when the value
of the Stefan number, Sz, decreases; a limit analysis of the well known Neumann solution

of the Stefan melting problem will readily show this [9].

Borrowing some of the concepts from the well-known Heat Balance Integral (HBI) method [12],

the above observations suggest that the temperature in the solid could be modeled by an a p-



proximating profile that evolves with the movement of z,. If well chosen this approximating pr o-
file could be used to arrive at an analytical integration of (6) and in turn an explicit analytical
expression for the residual stress filed in the part. A first cut approach is to assume perfect the r-

mal contact between the mold and the part (i.e., Bi=> Tand employ the linear approximation.

S

/
2.(0) z+Ty (15)

T(z,t)=
Use of Eq. (15) in Eqgs. (6-8) does indeed lead to an analytical expression for the stress field (see
derivation in the Appendix)

E

(=50

BT —Ts)-ln[é—lj (16)
z

As might be expected, however, there is a singularity at z = 0 (the surface) where, when the first
solid skin forms, there is an infinite temperature gradient. Nevertheless, when compared with a
full numerical solution of a problem characterized by a large Biot number (a large h), the ap-
proximate analytical and full numerical solutions for the residual stress are very close across the
majority of the part thickness, see Figure 7. With reference to Figure 5, however, it is clear that
the performance of the model in Eq. (16) will begin to deviate when smaller more realistic Biot

numbers are used.

The proposed approximate treatment can be remedied to account for the effect of the Biot num-
ber by using the ideas in the Virtual Adjunct Mold (VAM) method devised to account for finite
heat transfer coefficients in the HBI modeling of steel solidification [13,14]. The idea is to add a
virtual extension to the polymer domain with surface at z=-  A(A > 0) fixed at temperature Tr.

The thickness of the added domain will depend on the value of the Biot number (thin if the Biot

10



number is large, fat if the Biot number is small). The VAM concept is illustrated schematically

in Figure 8. With the VAM the approximating linear pr ofile takes the form

_ T -7
T(z,t):ﬁ[z+A]+Tf0£zst(t) (17)

S
When Eq. (17) is used in the residual stress model, Eqs (6-8), an analytical treatment can be r e-
alized, resulting in an explicit expression for the residual stress distribution, an expression which

does not have a singularity in the real d omain.

o(z)

T 2(1-v) i+ A| z+4

ﬂ(Tf—TS){ln{bjLA}— z } (18)
where a curve fitting exercise indicates that the virtual adjunct is a function of the =~ Biot number
Bi:

A/b=0.04+1.37/ Bi (19)
Equation (18) and Eq. (19), referred to, as the LHBI-VAM model, to signify the coupling of a
Linear HBI with a VAM, is the key result in this paper. This model allows for the immediate ca I-

culation of the residual stress that will result from a given injection molding set up. For co m-

pleteness a detailed derivation of Eq. (18) is given in the Appendix.

Results

Comparison between Numerical Solution and Approximation

Figure 9 compares LHBI pre icio so a 9 1 au umerica souio
acrossa 1erageo Bio um ers eseresu si icaea er 1ig accurac Or ea p

pro ima e LHBI sou io
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